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Abstract. We consider the fifth order Kadomtsev-Petviashvili I (KP-I) equation 
as dtu + ad^u + d^u + d~^dyU + uux — 0, while a G K. We introduce an interpolated 
energy space Es to consider the well-posedeness of the initial value problem (IVP) of 
the fifth order KP-I equation. We obtain the local well-posedness of IVP of the fifth 
order KP-I equation in Es for < s < 1. To obtain the local well-posedness, we present 
a bilinear estimate in the Bourgain space in the framework of the interpolated energy 
space. It crucially depends on the dyadic decomposed Strichartz estimate, the fifth order 
dispersive smoothing effect and maximal estimate. 
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1 Introduction 

We consider the initial value problem (IVP) of the fifth order Kadomtsev-Petviashvili 
(KP) equation 

J dtu + ad'^u + [3d^u + d^^dyU + udxU — , , 

\ w(0,a;,y) = uo(x,?/), {x,y)€W^. ^' 

Here a, /3 e R and uq is a real valued function. If /3 > the equation ([1]) is called the fifth 
order KP-I and if /3 < it takes the name the fifth order KP-II. This equation occurs 
naturally in the modeling of a long dispersive wave. Kawahara [15] introduced the fifth 
order Korteweg-de Vries equation 

dtu + adlu + (3dlu + ud^u = 0, (2) 

which models the wave propagation in one direction. While the KP equation models the 
propagation along the x-axis of a nonlinear dispersive long wave on the surface of a fluid 
with a slow variation along the y-axis (see [T31[5T1[52] and the references therein). 
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We begin with a few facts about KP equations. The Fourier transform of a Schwarz 
function f(x,y) is defined by 



Zn 



fix, y)e 



''dxcly. 



The dispersive function of the KP equation is 



(3) 



The analysis of the IVP of the KP equation depends crucially on the sign of a and (3. We 
take a glance on the case (3 — 0. In this case, equation ([T]) turns out to be the third order 
KP equation. Without loss of generality, we assume \a\ — 1. If a = —1, the equation 
is called the third order KP-I equation. While if a = 1, the equation is called the third 
order KP-II equation. By computing the gradient of lo, we get that for the third order 
KP-I 



|Vc.(C,M)l = |(3e^-|j,2|)|>|e| 
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(4) 



For the third order KP-II equation, we have 



|Vc.(f,Ai)| = 



3^^ - 



> 



(5) 



One can easily recover a full derivative smoothness along the x direction by ([5]), but 
only a half derivative smoothness by ([4]). Since the nonlinear term in the third order KP 
equation involves a full derivative along the x direction, this explains partially to get the 
well-posedness for the IVP of KP-I is much more difficult than that of KP-II. 

Another important concept in the analysis of dispersive equation is the resonance 
function. Still considering the third order KP equation, the resonance function is defined 

by 

-R(Ci,6,Aii,Ai2) = +6, Ml +M2) - t^(^i,Mi) - t^(6,M2) 
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(6+6) V ' ■ ^6 6' 

Thus for the third order KP-II equation, we always have the following inequality 

|i?(6,6,Mi,M2)l >C|6II6II6+6I- 



(6) 



However, for the third order KP-I equation, the inequality ^ is not true all the time. In 
this case, resonant interaction happens frequently. The resonant interaction means the 
resonance function is zero or close to zero. Generally, we use ([5]) to recover the derivative 
on X by the regularity on t. Thus, the simpler the corresponding zero set, the easier it 
is to deal with the problem. This facts also implies that the well-posedness problem of 
KP-II is easier than that of KP-I. 

A natural function space to consider the well-posedness of the IVP of the KP equation 
is the non-isotropic Sobolev space: 



< 00 



(7) 



where <^>=(l-t-|6)- Keep in mind that we are still in the case of /3 = 0. A scaling 
argument (e.g. see [2I') shows that si + 2s2 > — ^ is expected for the local well-posedness 
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of the IVP of the KP equations in H^'^'^^. As we pointed out, the third order KP-II has 
better dispersive effect than the third order KP-I. The results about the third order KP-II 
are very close to the expected indices. In |2] , Bourgain showed the global well-posedness of 
the third order KP-II in L^, i.e. si = S2 = 0. This result had been improved by Takaoka 
and Tzvetkov [21] and Isaza and Mejfa [13] to si > — ^, S2 > 0. In [53], Takaoka obtained 
the local well-posedness of the IVP of the third order KP-II for si > — i, S2 = and an 
additional low frequency condition \Dx\~^^^uo £ L^. Recently, Hadac [5] removed the 
additional condition on the initial value above. This means in the case S2 = 0, the result 
on the third order KP-II equation is sharp. While for the third order KP-I equation, 
the situation is far from the expected. By compactness method, lorio and Nunes [12] 
obtained the local well-posednes of the IVP of the third KP-I equation for data in the 
normal Sobolev space H'^{M.'^), s > 2 and satisfying a "zero-mass" condition. They used 
only the divergence form of the nonlinearity and the skew-adjointness of the (linear) 
dispersion operator. The condition on s is needed to control the gradient of the solution 
in the L°°. 

Another natural space to consider the well-posedness of the IVP of the KP-I equation 
is the Energy space. We first notice that the KP equation ([T]) satisfies the following two 
conversations. 



Mass 



Hamiltonian 



\\uh^ = \\uo\\L^. (8) 



H{u) =^ J {dlufdxdy - ^ J {dlufdxdy 

+ ^ 1 {d~^dyufdxdy + ^ / u^dxdy = H{uo). 



(9) 



Combining the above two conversations together, we can define the Energy space for the 
fifth order KP-I equation (/? = 1) by 

Eibth) = {ue 5'(M2); \\u\\E(5th) = 11(1 + leP + l^rVl)^(?,r;)||^, < oo}. (10) 
For the third order KP-I equation (/? = 0, a = —1), the Energy space can be defined by 

E{3th) = [ue 5'(m2); \\u\\Ei3tk) = 11(1 + lei + l^rVlM?,^)|L. < oo}. (11) 
On these fmiction spaces, we can prove that for /3 = 1, 

\\u{t)\\E{5th) < C\\uo\\El5th), (12) 

and for /3 — 0, a — —1 

\\u{t)\\E{3th) < C||"o||i!;(3t/i), (13) 

for any sufficiently smooth solution u of KP-I equation, uniformly in time (see also [51l22j). 
Thus it would be expected to obtain local well-posedness in this kind of spaces. But the 
recent results of Molinet, Saut and Tzvetkov [HI [20] showed that, for the third order 
KP-I (/3 = 0, a < 0), one cannot prove local well-posedness in any type of non-isotropic 
L^— based Sobolev space H^^'''^ , or in the energy space (see also [H]), by applying Picard 
iteration to the integral equation formulation of the third order KP-I equation. To avoid 
the difficulty, one must abandon Picard iteration or find out an alternative space with 
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similar regularity with iJ^i-^^ gr energy space. Recently, Colliander, lonescu, Kenig and 
StafRlani [6] set up the local well-posedness of the IVP of the third order KP-I equation 
with small data in the intersection of energy space E and weighted space P defined by 



E^{f:feL', e L^, d~'dyf e L^}, and P = {f : (y + i)f e L^}. 



(14) 



Kenig [T^] established the global well-posedness of the IVP of the third order KP-I 
equation in the following function space 

Zo = {ue L2(m2) : ll^ll^, + \\d~'dyu\\L- + \\dlu\\L2 + \\d-^d^u\\L2 < w}. 

As far as we know, the best well-posedness result of the third KP-I equation is due to 
lonescu, Kenig and Tataru [TT] . They set up the globall well posedness of the third order 
KP-I equation in the E{3th) space. Thus a more interesting question is to set up the 
global well-posedness of the third order KP-I equation in L^. It is still open. 

We now turn our attention back to the fifth order KP-I equation. Without loss of the 
generality, we may assume that (3=1 from now on. The fifth order equation has a higher 
dispersive term than a third order KP equation, which helps us to obtain some better 
results than the third order KP equation. As before, we first consider the dispersive 
function of the fifth order KP equation. Since there is an interaction between the third 
order dispersive term and the fifth order dispersive term, we can not get a dispersive 
smoothing effect as (HJ or ([5]) for all (^,/i) G M^, but we still have 



|Va;(C,M)l 



(15) 



This inequality can help us to recover a full derivative which is important in the analysis 
of the fifth order KP-I equation. We also consider the resonance function 



^(6,?2,Mi,M2) = t^(6 +6, Ail +M2) -t^(Ci,/-«i) -t^(6,Ai2) 

^1^2 I ,^ , t- \2 rr-/<-2 If/- , f2\ 



(6+6)' 5(ef + 66+6)-3a 
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(16) 



The first result of the fifth order KP-I equation in the context of energy space is due to 
Saut and Tzvetkov ^22j . They obtained the locall well-posedness for the fifth order KP-I 
equation with data satisfying 

||uoIIl= + \\\D.,Yu4l- + \\\Dy\'^u^\\ < 00, s > 1, A; > 0, e 5'(M2). 

Here |£)2;|''uo = (ICI'^'^o)'^- They also set up the global well-posedness for the data satisfies 
uq G and H{uo) < 00. Recently, lonescu and Kenig [10] got the global well-posedness 
for the IVP of the fifth order periodic KP-I equation absenting the third order dispersive 
term with the initial data in E{5th). For the IVP of the fifth order KP-II equation, 
Saut and Tzvetkov [22] also obtained the global well-posedness for the initial data in 
L^. And they put forward an open problem whether one can get the local and global 
well-posedness of the IVP of the fifth order KP-I equation with the initial data in L^. 

To connect the known results with the conjecture, we introduce the function space 
Es consisting of all the functions satisfying 



11/11 



l/ll 



1 + 



\jA 



/(6 m) 



L2 



< 00, Vs G 
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It is easy to see when s ~ 0, Eo ~ L'^, and when s = 1, Ei = E{5th). To get the low 
regularity of the KP equation, we need a careful analysis on the time-spatial spaces. In 
this case, Bourgain type space is needed. Below, we may abuse / as the Fourier transform 
of a fimction in {x, y) or (x, y, t). One may figure it out in the context. 

Definition 1 Let xo(t - A^)) = X[o,i] (k ^ ^('?' X]{t - uj{£,, ^i)) = X[2i-\2i]{\'r - 
for j G N. For s, 6 G M, we define the space Xs^b through the following norm: 



X,(r + \e + ||)V~(e,M,T)||^^. (17) 



Furthermore, for an interval / C M the localized Bourgain space Xsfi{I) can be defined 
via requiring 

ll'"IU,.,(/) = inf {llwllx^.i, : w{t) ^ u(t) on interval /}. 

We now state the well-posedness result in Xs^ with initial data in Eg. 

Theorem 1.1 Assume that /3 = 1, a G M, and 1 > s > 0. For any real valued function 
Uq G Eg, there exist T = T{\\uQ\\Eg) and a unique solution u of (1^1 in X^ i + il) with 
I = [—T,T]. Moreover the map uq u is smooth from E^ to X^ By Sobolev 

embedding, we have u G C{[—T,T];Es). Here ^+ > ^ and is as close as possible to i. 

By and Theorem 11.11 we can recover the global well-posedness of the IVP of the 
fifth order KP-I equation in the energy space: 

Theorem 1.2 (see also J2^) Assume that /? = 1, a G IR, s = 1. For any real valued 
Uq ^ El, there exists a unique solution of the IVP of the fifth order KP-I equation 

u G C(R, £^1). 

Remark 1 Even though the conjecture that the global well-posedness for the IVP of the 
fifth order KP-I equation with data in is still open, it seems the function space Eg 
will be expected to consider this open problem. Since Eg contains the specific feature 
(1 -|- -|- of KP-I equation, and is different from the Sobolev space H'^^^"^ or 

H" , we have independent interest in obtaining the global or local well-posedness of the 
IVP of the fifth order KP-I equations in Eg for s G K. 

Remark 2 In our argument, dyadic Strichartz estimates are essential. Especially, when 
we dispose the "high-low" interaction in the bilinear estimate, a low order derivative on 
the low frequency part is needed. In this case, s > is necessary. 

Our main argument to prove Theorem 11.11 is to set up a bilinear estimate as in 
Section 3 below. Recently, CoUiander, lonescu, Kenig and Stafhlani ^ discovered a 
conterexample which showed that one could not set up a similar bilinear estimate in the 
Bourgain type space in the third KP-I case. But we find their conterexample does not 
work in our case, since the fifth order dispersive function can help us to recover a full 
derivative. Also, we do not recourse to the weighted space. In [6], a weighted space is also 
used to dispose the case when the very high and very low frequency interaction happens. 
In our paper, we can overcome this difficulty by the fifth order smoothing effect and the 
dyadic decomposed Strichartz estimate. 
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In the rest of the paper we would Hke to use the notation A < B if there exists a 
constant C > which does not depend on B such that A < CB. E C < we would 
like to use A B. If there exist c and C which are < c < C < 100, such that 
cA < B < CA, the notation A ^ B will be used. And the constants c and C will be 
possibly different from line to line. 

This paper is organized as follows. In Section 2, we present some results on linear 
KP equation and some useful estimates. In Section 3, we present the bilinear estimate 
which is crucial to set up our locall well-posedness. In Section 4, we finish the proof of 
Theorem 11.11 



2 The Linear Estimates 

We begin with the IVP of linear KP equation 

dtu + adlu + d^u + d^^dyU = 0, 



(18) 



By Fourier transform, the solution of (|T8l) can be defined as, 

u = Sit)uo{x, y)= [ e'(-i+yf^+Mi,^^))^(^^^ ^)d£_diJL. 



By Duhamel's formula, ([T]) can be reduced to the integral formulation. 

u{t) = S{t)u^ -I- f S(t - t')d^{u\t'))dt'. (19) 

Indeed, to get the local existence result, we apply the fixed point argument to the non- 
linear map defined as the right hand side of the following integral equation. 

u{t) = i,(t) \s{t)ua -I f Sit- t')d,{^^t')u^{t'))dt'] , (20) 

where t e M and, i/; is a time cut-off function satisfying 

^ e C^m, suppV C [-2, 2], ^ = lon[-l, 1], (21) 

and 4,Ti-) = ^i-/T). 

To run the fixed point argument, we first set up the following homogeneous and 
inhomogeneous linear estimates. 

Proposition 2.1 Assume ip g C°° as above and s G M, ^ < ^ < 1, then 

\\mSit)uo\\x^,,<C\\uo\\E.. (22) 

m [ S{t-t')h{t')dt' <C\\h\\x^,,_,. (23) 

Jo ^s.' 

Proof We observe that 

{mS{t)uo) ' (e, A*, r) = V'(t - LuiC, m)- (24) 
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To prove we need to estimate the following integral expression: 

^2^-^( / w{C,txf^x,{r-iumT-u;)\^\€^\^dCd^idTy\ 

j>Q "^"^ 

where wl^, ^) = (1 + + |||). We observe that for j = 

Jr 

and for j > 1 

/ \i,i\)W,{\)dX < 2^— -1—11(1 + 
for any N N. When we insert (|26p and into (PS)) we obtain the bound 

ikoiu. (iiV'iu- + E (Tt^f"^^ ^ isirvi(.s)iiL^). 

It is easy to see that for N > 2, > — < C, then (|22|) is proved. 

To prove (|23)) . we write 

ip{t) [ S{t~t')h{t')dt' = I + 11, 
Jo 

where 



and 



By Taylor expansion we can write I as 

°o -k 



Alt j- . j-CO 



fc=l 

For fc > 1, we write 



It is easy to show for s G M, 

\Ms)\ < C, 

and for any \s\ > 1, 

(l + fc)2 



From it is easy to see 

oo 

fc=l 



where 

hkit = / H^, M, r){T - c.)^- V(t - u;)dT. 



Then by we obtain 

fc>i 

On the other hand, from the definition of Eg and Xg^b, it is easy to see that 
We now pass to //. We write // = IIi + II2 , where 

/OO itT 
/ e'(-«+^^)/i(^, /i, r) [1 - V(r - c.)] ^d^d^dr, 

Again by the definition of Xs^b, we obtain 

\\IIi\\x..,<\\h\\x.,,_,. 

By we get 



II^^2||X.,. < \\h\\E., 

where 

J -00 T-UJ 

By the following estimate 



we finish the proof of Proposition [2111 ■ 

Proposition 2.2 /J/ Let S{r) = 2(i - i), 2 < r < 00. For any < T < I, there exists 
C independent of T such that 

\\\D,,\^S{t)uoix,y)h^^^L^ .<C\\uoh. - ^ Sir). (30) 



Here 



-T 



The following dyadic decomposed Strichartz estimates are crucial in our bilinear es- 
timates. 

Proposition 2.3 Let = Xji^ ~ ^ 0; '"^^ ('J'l'') '^■s Proposition 

Denote fj = {Xji^i ^^lT)\f\i^^ ■ For any <T <1, we have 

ll|i^.l^/.llL^(L^_,)<2*||/,|U- (31) 



Here 

I1/IIl^= (III \fi^,fi,T)\^d^dt,dr^ 
For the sake of convenience, we would like to state the following special cases. 

m\L^iLl^^^)<'2'^'m\LH.,y,t)- (32) 
\\m--fj\\LULl 0<2'^'\\fALH.,y.t). (33) 



For < 5 < i 



and 



D,\'f,\\ , .< 2^-/2 11^^. II (34) 



(-^(x,«)) 

Proof : We first note that 



By a simple change of variables we can write 

;3 



dX 

e^'\,{X)S{t)h{x,y)dX. 

Here/A(^,/i) = \ f\{^,i.i,X+Lu). Then ((3T|l follows from Minkowski's inequality, Strichartz 
estimate pOI) and Cauchy-Schwarz inequality. ■ 

To set up the bilinear estimate in the next section, we will encounter the interaction 
between high frequency and very low frequency. Then the following maximal estimate 
will be useful when we dispose the very low frequency. 

Proposition 2.4 (Maximal estimate) Let Tm he the operator such that Tmf{(_, I-J,,t) = 
"t-(C,m)/(C,M,t)- Then 

mmiLULT,^) < wmhijfh^. (36) 

Proof We first notice that 

Tmfix,y,t)^ / m{x-x',y-y)f{x,y',t)dx'dy'. 

Here and below, we use rfi to denote the inverse Fourier transform of a function m. Then 

|r™/(x,y,i)|<||m|U.||/(.,.,i)|U._^. 

To end the proof one only take the norm in the t variable. ■ 

At the end of this section, we would like to set up the following proposition, whose 
idea comes from Lemma 3.1 of [5] 
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Proposition 2.5 Let f be a function with compact support (in time) in [— T, T] and 

b > 0. For any a > 0, there exists a = cr(a) > 0, such that 

<Tni/||x„,.. (37) 

Proof We first show that 

li <r-c^>-'^/|U2 <r^||/|U2. (38) 

We rewrite 

II < T - f\\L2 = \\S{t) < dt S{-t)f\\L2. 

Since S{t) is a unit operator in space and preserves the support properties in time, 
we have 

II < r - a; = \\ < dt >-'^ S{-t)f\\L2 < T-^V || < dt ^(-0/11^. a'') 

(a;,y)V t I 

<T^-7\\S{-t)f\\L2, 

(39) 

where | — 37=a<^or(7' = oo, ifa>i. We now turn to show p7|) by ((38| . By the 
definition o? Xq i,, we have 

<rni/llA-o..- 



3 The Bilinear Estimates 

Theorem 3.1 Assume < s < 1, and u,v with compact time support on [— T, T], 
< T < 1 . There exists a > such that 

l|5x(Hllx ,^<T''\\u\\x^,Jv\\x^,^. (40) 

Here -i+ = - 1. 

Remark 3 The bilinear estimate above plays a key role in the method of Picard itera- 
tion. There are many literatures considering the multilinear estimates. Among them we 
prefer to pay more attention on \17l and \25f . In \17^ , Kenig, Ponce and Vega present a 
bilinear estimate in the studying of the IVP of KdV. It mainly depends on the estimate 
of the resonance function. Since in the KdV case, the resonant set is very simple, the 
decomposition of frequency method can bring us enough benefit. Recently, the first two 
authors 0/ obtained the low regularity of modified KdV-Burgers equation by this method. 
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In !l25f . Tao presented another program to obtain the multilinear estiamtes. He used the 
dual argument and dyadic decomposition to transform the multilinear estimate into the 
estimates of some multipliers on some basic boxes. This method can be used to study 
some more complicated cases. We also applied this method in a recent paper ^ to set up 
the well-posedness of the IVP of the modified KdV equation with a dissipative term. As 
pointed out in \25f . the estimate in the box for the KP equation is much complicated. In 
this paper, we would like to use the dyadic decomposition, the Strichartz estimates and 
the dispersive smoothing effect to exhaust the .structure of the zero set of KP-I resonance 
function. 

We use the duality to prove the bihnear estimate (|40p . To make our argument more 
clear, we would like to divide our estimates into two catalogs according to the main term 
in (1 + l^p + 1^1 It means that we need to estimate, for gj > 0, 

^2^(-^+) / 5,(C,M,T)x,(r-c.(^,/.))xi(e,Ai) 

j>o "'^* (41) 

X If 1(1 + \£,\'^y\u\{^l, lJ'l,Tl)\v\{^2, fJ.2,T2)d(,idfiidTid^2dfl2dT2, 



and 



Y.2^^-^+^ [ g,(e,/^,r)x,(r-u;(^,M))X2(e,^) 



X ICI(1 + ^Y\u\{il, ^il,Tl)\v\{^2■, ^J.2■,T2)dild^lldTldi2d^l2dT2, 



(42) 



where A* is the set {^i + ^2 = Mi + M2 = Mj ti + T2 = r}, Xi(C;M) is the charac- 
teristic function of the set > jlj-}, X2(CjM) is the characteristic function of the set 

< j§} and WgjXiXjh^ < 1 and \\gjX2Xj\\L^ < 1- It is clear that by symmetry one 
can always assume that |^i| > |^2|- The KP-I problem is difficult since resonant set is 
complicated. We will decompose A* into several domains. For each domain, we decom- 
pose it into some tiny sets, and use the estimates in Section 2 on these tiny sets. For 
instance, when the resonant happens, we will consult to the maximum estimates and the 
dyadic decomposed Strichartz estimates. We start by subdividing A* into three domains 
of integration by 

Low-Low interaction domain 

Ai = {ICil > 161; ICil < 100max(l, v^)}; 
High-High interaction domain 

^2 = > 161; 161 161 > 100max(l,^)}; 
High-Low interaction domain 

^3 = {|6I » 161; 161 > 100max(l, v^)}. 
Proof of Theorem \3.1[ Denote 

0i(6M,T) = (l + |eP + |/i|/lel)1^i|(6M,r); 
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and 

Mt^i,T)^il + \^\^ + \^,\/\^\ym,^i,T). 

Then we need to prove, there exists cr > such that 

By Proposition 12.51 it suffices to show that 

II^.MIIx < J|02|U„ , + ||0i||x„ J|<^2||X„ (43) 

We now control the following two terms by the right hand side of (|43p . 



j>0 

x|CI(l + l?l 



2ns <^2(6,Ai2,T2) 



(44) 



(1 + + 11^)^1 + 161^ + 



and 



IA^Ls '^i(6,/^1,Ti) 02(C2,Ai2,T2) 



j>0 



(45) 



Another assumption is that function 



(a;, y, t) = [ |e| (l + I^P + |^) (C, M, ^)Xj (^ - ^(e, ^^))x^{S,. m) ) (a^, y, t) 



has compact support in time (supporting in the set [— T, T]) for i = l,2,j G N. In fact, 
if we denote 

^ri-. V. t) = f ,/'|f,f 'ilO i^: y, tl for * - 1, 2, 

\(1 + l?d + -[iTfj / 

the integral in and (|45p can be written as a inner product < G^j, $i$2 >■ Since 
u and w have compact support with respect to t G [— T, T], then <i>i$2 has the same 
compact support in time with u and v. Thus the inner product < Gij-,$i'I>2 > can be 
restricted on the interval [—T,T] according to the time axis. It means we can assume 
that Gij has the same compact support in time. We also need some other notations. 

0iji,m. = <i>iX3i{n ~ Uji^i,tii))0.mi{^i), « = 1,2, 

(f>i,]..ni = i'lXj.in -^(C»,Mi))6'n.(A'i), » = 1,2, 

and 

<Pi,ji,m,i,ni = 0iXj, (n - L^i^t, ^ii))0,nA^i)()niifJ-i), « = 1,2. 
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Here we used the notation 6o{r]) = X[o.i] (I*?!); (^miv) — X[2'"-i, 2'"](hl)i m £ N. Some 
times, we may use gj instead of gj{^, fi,T)xj{T — uj{^,ij,)), one can figure out it in the 
context. Then we can decompose (|44p and (|^5]) by 



and 



J2 ^2^"(-^+)/ ff,(e,A.,r)x,(r-c.(^,M))xi(^,M) 



il J2>0j>0 



jlj2>0j>0 

X If 1(1 + I^L 02,j-2(6,M2,r2) 

1^1 (i + l^iP + fef)Mi + l6l^ + ^)^ 



(46) 



(47) 



Low-Low interaction. 
Case A: + ^,\^ > . 

In this case, we have |fi + f2| ^ |fi| ^ max(l, y^joj). And we also have |/ii + /i2| < 
Ifi + ^2!^ S max(l, |a|^). Thus we have 

< 2^-(-^+)||g,|U2||0i,,JU22^W2||<^^^^.j|^, (48) 

<ll</'ilU„ JI'/'zlU^,. 

"•2 "'2 

Here m(f,Ai) - X|^|<„_(i^|„|i)^|^|<„,,(i^|„|i), which belongs to L^R x M). 
Case B: + ^,\^ < . 

We first note that if ^|^| ^^^'^i < 1, then argument above can also bring us the same 
estimate. We need only to consider the case ^tc^t^c^j > 1. 



ii j2>0j>0 

X ifr-iMi 



1-^1,, IS 02,j2(C2,M2,T2) 



We then consider two subcases. 
Subcase Bl: |^i| < |^2|- 
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If ]f| < |?2p, then I/12I < max(l,|a|i). Since [a + 6 1 < niax(l, |a|i/2), we have 



<||</'1||X„,,||02|U„,, 



Here m(aAi) - X|^|<^^^(;^_|„|^) |^|<,„^^(i |^|f ^ 



I S I '■■'■■'■'^-^V 7 I '-^ I / ? I I \ M I / 

If > IC2p- We first consider the case ||| < Thus we can choose niin(i, s) > 5 > Q 
as small as possible such that 



1, .i'.,>ni>n "^^1 



ji,i2>o j>o 

J1J2J>0 "''41 

X ICr~'^'^lji(Cl,Ml,n)|6l'''^2j2(6,M2,T2). 

If J < i2, by Holder's incquahty and we get 

jl,j2>0 j2>j>0 

<ll</'ilU„_JI<A2lU„i. 

If j > j2, by Holder's inequality and (|34p and ((35)) . we obtain 



<sa>^ E E 2^(-H)||g,iu2|||i^.|i-*0i.,,ii ^ 1 



If III ^ and < s < i, the proof above can also work. We only need to estimate 
the case ^ < s < 1. 



63 < E 2^"^-H) /■ 5,(C,M,r)x,(r-c.(aM))X2(aM) 



jl J2 j >o 

1 1 — s I ..IS 



^ ICIl-s, I >1 , ji (Cl , Ml , n ) -^2 J2 (6 , M2 , T2 ) 
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In addition, we decompose ~ 2"^ for ni > 0. Thus 

il J2>0 j>0 rai>0 



il J2>0i>0 ni>0 
<li0l|U„ J|02||X„, 



Here we used the fact that |^i| < max(l, y^jaj) and < 2"^ with Proposition 

Subcase B2: > |/i2|. 
If |/i2| < 1, we obtain 

< ^ 2^(-^+)||5,|U^2^-^/^||0i,,JU2||^2,,JU2 

j,jlj2>0 



< 



l!^o,lll<^2||x„ 



Here TO (^2, M2) denotes the characteristic function of the set {(^2,^2); \£,2\ ^ niax(l, |a|5), 
\fi2\ < !}■ Thus, we need only to consider the case \fi2\ > 1- In this case, we can run the 
same argument with the Subcase Bl by interchanging the positions of \fii\ and \fi2\- We 
omit the details. 

High-High interaction 

Case A: |a+6P>^tw- 

We can also assume that |^i + C2I ^ max(l, Otherwise we go back to P5|) . We 

now run dyadic decomposition with respect to |^i | ^ 2"*^ (hence |^2 1 ^ 2™i ) and |^| ~ 2™ 
with TOi + 1 > TO > 0. 

®^ E E E 2^(-H) /■ g,(f,M,r)x,(r~c.(e,A^))xi(e,/^) 

il J2>0 j>0 mi + l>m>0 

X 2"(i+2-)2'"i ^^^^^ ^ ^ ^ ^ 

We now consider two subcases. 
Subcase Al: max(j,j2) > 2toi. 
If j J2 , we obtain 

®^ E E E 2^-'-^ + )2-(^-2^)|||i?.|^5/llL^,(Lljll|C.|^<^l,...™JlL^,(Lj,„) 

ii j2>o j2>i>o 32.>mi>a 
^ E E 2^-^-H)2^/22^V22.2(i-.)||g^.||^,||^^_^.j|^,||^^^^.j|^, 

jl,j2>0j2>j>0 

^ E E 2^-^-H)2^/22^V22.2(H)2-^-^(^+H)||.g,.|U2||0i,,JU2l|02,,JU= 
ii j2>Oj2>i>o 
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If j > j2 , we also have 

il>0j>j2>0 J>mi>0 

X II.9jIIl2 
ii>Oj>j2>o 



Subcase A2: max(j,j2) < 2mi. 



Subsubcase 1: 



Ml M2 



< iiei+6n5(e? + ei6 + el)-3a|. 



In this case, the resonant interaction does not happen. By the definition of resonance 
function, we can get a useful estimate. Writing 



T-Uj{^l +^2,A*1 +M2) -n +Cj(^l,/il) -T2 +C^(6,M2) 
66 



(6+6 



(6 + 6)^ [5(6' + 66 + 6') - 3«] - (| - f ) j ' (50) 



since < T — uj{^,fi) >^ 2^, < ti -a;(6,Aii) >~ and < T2 -^(^2,^2) >'~^ 2-'2, we have 
2max(jji j2) > |^i|4|^^ + 61 > 161* ~ 24'"i. It is clcar that we have ji = max(j, ji, jz) > 
4mi. Thus 1^1 + ^2! < 2-'i""'™i. We now choose S > such that min(i,s) > (5 > and 
1 - 4(5 + i > i + . Therefor 

® ^ E E E 2^-^-H)2(--™0(^-^)|||i^.|i,v||^^^^^^^^^,|^^^^.^^^j^^,^^^^^^ 

ji>0 a.>„ij>o 2mi>max(j2,i)>0 

X |||£'x|^2j2,mi||L^(L^ J 

^ E E E 2^(-H)2^/^2(^-^™^)(^-2^)2^V2||^^.,|^,|,^^^^.^„j|^,,|^^_^.^_,„j|^, 



ji>0 mi>0 2mi>max(j2 j)>0 
^2|U„ 1 ■ 



< WMx, 



Subsubcase 2: 



Ml M2 
Cl «2 



> i|6+6n5(6' + 66 + 6')-3a|. 



In this case, the resonant interaction may happen. We have to do some delicate estimates. 
Let 9i = Ti — w(^i, /zi) and 6*2 = T2 — ^(^2,^2), we can control ([35]) by 

E E 2^-(-H)2™i(i-2^)yg,(e,M,ei+c^(6,Mi)+^^2+c^(6+A*2)) 

jl.mi>0 2mi>max(j,j2)>0 

X XjX^*! + 02 +UJ{£,l,^i2) + ^(6 + /^2) - t^(6 +6, Ml + M2)) 

X (^l.ji.mi(6; Ail; 6*1 + ^(6 , A'l ))02. ^2 .mi (6 7 /^2 , 6*2 + Lu{^2, T2))d^ldfJ,id^2dfJ.2d0id92. 

(51) 



We divide above quantity into two cases. 
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Subsubsubcase 2a: 



m el) - 3«(e? - el) - [(t)' - (f 



> 1. 



We change the variables by 



w = 6 + 6 

W ^01+ + 6*2 + ^(6 + M2) 

The determinant of the Jacobian associating to this change of variables is 



1 




1 




















1 


1 




"IT 




2 

42 


9 Ml 

















1 



Thus |J^| > 1. We have 



ji,mi>0 2mi >max(j,j2)>0 
1-1 



X |Jp| H{u,v,w, Ii2,&i,02)dudvdwdij,2d9id62 



(52) 



(53) 



(54) 



Here i?(u, zy, /^2, ^1, ^2) denotes the transformation of 0i ji,mi02,j2,mi • Fo'^ fixed 0i,d2, 
^1, ^2, Mij calculate the set length where the free variable /i2 can range. More precisely, 
we denote this length by A^^ . Let 



ei6 



(6+6) 

we have \f'{fi2)\ > 16 Since 



(a + 6)^ [5(6' + 66 + 6') - 3a] - (| - 1) , 



16*1 +O2+ ti^(a,M2) + w(a + ^2) - t^(6 + 6- Ml + Ai2)| 



66 



(6+6) 



(6+6)' 5(e? + 66 + 6')-3a 



6 6 



2^ 



(55) 



This means that we have A^^ < 2^ . By Cauchy-Schwarz and the inverse change of 
variables we have 
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gjXj{u, V, w)\J^\ ^H{u, V, w, /12, ^i, 92)dudvdwdiJL2d9id92 



<2j72-miy g^^^(^u,V,w) (^J \J^,\-^H^{u,V,W,fl2,0i,e2)dn2^ dudvdwdeide2 

<V'^-'''^\\gjX3\\L- j (^j \J^\-^H^{u,v,w,fi2,0i,O2)dudvdwd^i2^ ^ d^id^a 
<2J/2-™i||g^.^^.||^, J (^j \J^\-^H^(u,v,w,ii2,0i,92)dudvdwdfi2^ ^ deide2 
=V'^-^^\\g,xA\v^ f {f I[ iln,^S^^,^^^,9,+u;{i,,^x,))di,d^i^di2d^Ji2)"^de,dB2 

•' 1=1,2 

It follows from ([54]) that 

mi,ji>0 2mi>max(j2,i)>0 
<ll0llU„ J|02lU„,. 



L2- 



Subsubsubcase 2b: 



5(ef-el)-3a(ef-el)-[(f)'-(f) 



< 1. 



In this case the change of variables above cannot be used because the determinant of 
Jacobian may become zero. We consider the change of variables instead: 



w = Ci + 6 
u = ^1 + A*2 

w ^ 9i + uj{£_i,^i) + 02 + 

In this case the determinant of Jacobian is given by 

1 1 











M2) 










1 


1 




2^ 













(56) 



(57) 



-O/^^l A*2 

An easy calculation shows that |J^| > j^j. In this time, we fixed 6*2, ^2, Mi; M2; and 
calculate the interval length A^^ of the free variable ^1 . Set 



hio^H^'-^i)-Me-e2)- 



(58) 
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We compute 

=20f -6< + 2(Aii/0'r'- (59) 

Since now h'{^i) has the same sign as ^i, we have ^ l^iP- Thus A^^ < 2^^™i. 

Remind 

ji,mi>0 2mi>max(jj2)>0 (60) 

X I J^|^^iJ(u, V, w, ^1, 6*1, 92)dudvdwd£_id9id92. 

Again denote by H{u,v,w, £^1,61,62) the transformation of Y\.i=i 2't'i,3i,rni under the 
change of variables ([55)) . 

y gjXj{u,v,w)\J(^\^^ H{u,v,w,£,i,9i, 62)dudvdwd^id9id92 
<2-i™iy c,^-,(;^(u,w,w) \J^\-'^H'^{u,v,w,£,i,9i,e2)dS,^ dudvdwd9id92 
<2-^'"'\\9jXj\\l- J (^j \Ji\-^H\u,v,w,ii,ei,92)dudvdwd^i^ ^ d9id92 
<2-2™HI5jXjIIl^ J (^j \Ji\-^H\u,v,w,ii,ei,e2)dudvdwd^i^ ' d9id92 

= 2-2™H|5,XjI|l^ / n ih,^rrni^^,f^^,0^+Co{^^,^i^m^d^l,y^'d9,d92 

Thus 

mi ,ji >0 2mi >max(j2 ,i)>0 

< 



■l||X„ 1 1102 IIX,-, 



Case B: |ei+6P<^^ 



If < 1, this case can also be proved by (|48)) . Thus we need only to consider the 



case > 1. 



Subcase Bl: |^i| < |^2| 

l?2| 



Subsubcase Bla: ^ < 1^2^- 



In this case, |/i2| < |^2|^ and |/ii+^2| < 2|^2p- We now decompose |^i| ^ |^2| ~ 2'"^. 
Then in this case we bound (|47l) by 



^ ^2^(-H)/' 5.(e,A^,r)x,(r-c.(^,M))X2(?,M) 

Jlj2,J>0m2>0 "'^^ (61) 

X 16 +6r"'2"""''01,ji,™2(Cl,Ml,n)02,j2,m2(6,M2,T2). 
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We first consider the case that two high frequency waves interaction forms a very low 
wave i.e. |^i + ^2! < 1- 

j,m2>0 ji ,i2>0 

X llffilli^^ 

j,m2>0 ji,j2>0 
<Ul\\x„A'p2\\x„,. 

For the case l^fi + ^2! > 1, one can use the argument in case A again to obtain 

63 < 1 J|</>2||;f„,, + llc/'ilU^ J|02lU„ 

Subsubcase Bib: ]0 > |^2p. 
We bound ^ by 

J2 2^'(-H) /■ g,(^,M,r)x,(r-c.(e,^))x2(^,/i) 

3l,j2,j>0 "''^2 
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|2s 



Of course a dyadic decomposition with respect to ^1 is also needed. Let |^i| ^ 2™% we 
bound gZl) by 

^ J22^(-i+) f ff,(^,/.,r)x,(r-a;(^,M))x2(^,M) 

X + 6r-^2-™i^0i,,,,„,(a, Ml, n)02,,. (6, A^2, T-2). 

Then one can also run the above argument by considering two cases: |^i + ^2! < 1 and 
+ (,2\ > 1- We now give some details in the case |^i + ^2! > 1- 

Subsubsubcase 1: max(j,j2) > 2mi. 

If j < j2 and < s < |; , we choose < (5 < ^ 

X II02j2||l2 

^ E E 2^-(-H)2™i(^-2«)2^/22^-^/2||g,|U.||<^i^,,^„,JU.||02,,.||L^ 

jl J2>0 j2>max(j,2mi)>0 
<||<^1||X„ J|</'2|U„ ,. 
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If j l£ J2 and i < s < 1, wc bound (|T7|) by 

jl J2 >0 j2>ma.x{j,2mi)>0 

jlij2>0 j2>max(j,2mi)>0 
<II<^1||X„,J|</'2||X„.. 

If j > j2 , we also have 

Jj'l>0 j>max(j2:2mi)>0 
i Jl >0 j>max( j2 ,2mi ) >0 

< Ui\\x, Mx,_,. 

Subsubsubcase 2: max(j, ^2) < 2mi. 

In this case, the argument in case A can still work by replacing the j derivative on gj 

by i derivative on (/ii when i < s < 1, and % 5l6+6P[5(e?+ei6+^l)-3a]. 

We omit the rest details. 



Subcase B2: > |/i,2|. One can use the same argument presented in Case Bl by 
inverting the role of (Cij/^i) and (^2,^2)- 

High-Low interaction 

In this domain, the estimates will be more complicated. Roughly speaking, we will 
consider the term j0 in two regions, > max(|^ip, and max(|^i|^, j^)- 



Region I: ^>max(|6P,||^^ 

Case A: |a+C2p>^^. 

Subcase Al: |aP > j^^- 

We apply the dyadic decomposition with respect to |^| ^ |^i| ^ 2™i to bound 

by 

J2 2^i-i+) [ ff,(e,M,r)x,(r-c.(e,A^))xi(e,M) 

X ic \ (62) 

X ^ <Pl,ji,mi\t.l, ^^l,Tl)- 



31 J2,j>0 mi>0 



Subsubcase Ala: |^2| > 1 and max(j,j2) > |?tii. 
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We first notice tliat 



ji,mi>0max(jj2)>|nil>0 

X 2^'<^'-^'^$i,,,,ra, (a, Ml, Tl)02 J, (6, ^2, ^2). 

il,i>0 j>max(j2,f "ii)>0 
Jl J'>0 j>max(j2,|mi)>0 

If J <i2, 

<sni) < E E ^'^-^-"^^"^'^^-''^m.ihshuLtjiiD.ihi,^ 

Jl J2>0 j2>max(|mi j")>0 
X ll'/'2j2lU^ 

< E E 2^-("^+)2^/22™^(^-2^)2^-^/2||5,-|U2||0i,,,,™JU2||02,,2IIl- 

il J2>0 j2>max(j,|T?xi)>0 
<||0ll|x„,J|02lU„,. ■ 



'0,^ + 



Subsubcase Alb: j^l > 1 and max{j,j2) < fTii- 

As in the estimates in the high frequency interaction domain, it is necessary to consider 
more cases. 



Subsubsubcase 1: 



i£i _ iia. 



<il6+6n5(e?+Ci6+el)-3a|. 



In this case, the resonant interaction does not happen. By inequality (jSOp and j^l > !> 
we get that ji — max(j, ji, ^2) > 4toi. We now bound (|46p by 

EE E 2^''-H)2"H(f-2.)|,|^^|l^V||^^^^^^^^||^^_^.^_^^||^^ 

Jl>0 ji>4mi>0 |mi>max(jj2)>0 

X III^x|^2j2|Il^(L1J 
< E E E 2^-(-^ + )2^-/22™.(|-2.)2.2/2||^^.||^^||^^^^.^_^^[|^^||^^^^.^||^^_ 

jl >0 ji >4mi >0 |,ni >max( j j2 ) >0 
<||<^l|U,..J|02|U„,.. 



Subsubsubcase 2: 



>i|6+6n5(ef + Ci6 + el)-3«|. 



We need to divide the estimate into two cases: 



5(^f-e2^)-3<Ne2^)-[(|)'-(|)^ 



> 1 
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and 



5(et-el)-3<?-el)- 



< 1. 



As we known, the first inequality means the determinant of the Jacobian of the change 
of variables (|52|) |J^| > 1. So we get 

mi,ji>0 |mi>max(j2 j)>0 

< \\Mx„_M\x„_y 

For the second inequality, we recur to the change of variables (j56l) . In the same way, we 
get 

^1 Ji ^0 2m 1 >max(j2 j)>0 

< 1101 IU„ 1 1102 |U„ 1 • 



Subsubcase Ale: |^2| < 1- 

If \^i2\ < 1, since ^-0 > we have that IC2I < ICil"^- Thus we bound (gS]) by 

^ ^ 2^(-^+)2™^(i-2^)||g,|UHl0i,..,™JlL??(L^,jll(m(6,M2)02.,J^L 

J Ji J2 >0 mi >0 

^ E E 2^<-H)2-^(i-2^)||g,.|U.2^-^/2||0i,,.,,„,JU.2-'"Ml02,,JU^ 

Jj'i J2>0 mi>0 
<ll0l|U„,J|02|U„,,. 

Here m(^2,Ai2) denotes the characteristic function of set {|^2| ^ 2"^"^ \fi2\ < 1}. 

If 1^2! ^ 1 and max(j, ^2) > 'tii, when j = max(j, J2), we choose min(i, s) > S > such 

that i-2s + (5< |-| + | and bound (gHl) by 

^ ^ 2^-(-H)2-(V™)u^^.||^^|||^^|i-.^^_^.^^^^^|| ^ ^ 

JlJ>0 0<max(i2,mi)<j 

X |||i^.|V2,,J| 1 ^ 

< E E 2^(-H)2™^(V2-2.4-.)2.V22.V2||^^.|,^,||^^^^.^,^j|^,||^^^^.j|^, 

ji J>0 0<max0"2,mi)<j 



< 1101 IU„ 



y2||X, 



While for the case j2 — max(j, ^2), we bound (|46p by 

E E 2^-^-H)2-(V-2.),||^^|.^v||^^ 

ii .i2 >0 0<inax(j,)ni)<j2 ^ ^'^ 

X |||L>^|5-'50i^j-^ _^ 1 ||02j2||l2 

< J2 E 2^(-^+)2"-(V2-2.)2,/22,V2,|,^^.,|^,||^^_^.^^,^j|^,,|^^_^.j|^, 

jl J2>0 0<inax(j,mi)<j2 



< 



II01||X„ J|02||X„, 
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If l/^2| ?J 1 and niax(j, j^) < "ii, we have to divided two subcases to estimate (HH])- 



Subsubsubcase a: 



El — ti 

?1 ?2 



<^iei+6p|5K? + ei6 + ei]-3a|. 



As we know, the estimate on the resonance function can be used now. We have |Ci|'*|^2| ^ 
2max(j,j"i j2)^ Unfortunately, since |^2| < Ij the element inequality is not as good as we 
have used. We claim that IC2I > I^T^- Otherwise, if - |||-|, then l^al < < 

1. And if < since we are in subcase a: - ff ^ < + 6P|5Kf + ^16 + 

,^2] — 3a|, we have I/Z2I < |CiPl?2| ^ 1- These conflict with the assumption |^2| }t 1- Thus 
we have 2"^""^ < 2™'^^0ji J^). It is clear that ji = max(j, ji, ja)- We bound (gH) with 



X II 1^.1^2.,. II 



3i>J:j2>0 0<2mi<ji T ^^^,y} 



^ E E 2^-(-^+)2-(V2-2s+.)2,/22,V2||^^.||^,||^^_^.^_^j,^,|,^^^^.j,^ 

jl >j,h >0 0<2mi < ji 
<||<^l||x„,J|02|k,,. 



Subsubsubcase b: 



5l «2 



2 



> 5I6 + 6P|5K? + 66 + C|] - 3a|. In this case, one 



2 
< 

M2I, 



can run the same argument in the case Alb. 

Subsubcase A2: l^ip < ]|^. 

The argument in Subsubcase Al above can also help us to get the same estimates. We 
would like to show the different point when we encounter the case 1/^21 ^ 1, ^ — |^ 
5l6+C2|'|5[6'+66+6']-3a|- Here we still have 161^161 <2'""'^^^'^'^'^'^^ If |ml < 
we have j0 It means that we also have |^2| > |?i|^^- H Ia*i| ^ l/^2|, then we 

have 1^1 + fJ.2\ ^ |mi|, thus i^^^^^^'i :$> |6 + C2p- This does not appear since we are in 
case 1^1 +61^ ^ liiT^' "^^^^ '^^^ the argument in Subsubcase Al. 

Case B: + ^,\^ ^ . 

Subcase Bl: |^i| < |^2|- 

In this region, we also have ^ ICiP- Similar to the argument presented in the 
second part of Case Bl of domain A2, we can bound ((47|) with 

^ Y^2=(-h+) I g,(e,M,r)x,(r-c.(e,M)k2(6M) 

X 16 +6r"'2^'"i^<^i,,,,„,(a,Mi,Ti)02j.(6,Ai2,r2). 
Then the estimate in case A above works. 
Subcase B2: 3> |/i2|- 
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It is clear that J|i| - ifrfr- Thus g7| by 



ji,j2,j>0mi>0 -^^3 

If 1^2! < 1, then we also have |^2| < I'^il^^- By the same argument in case Ale, we bound 

m Ul\\x^, M2\\x„ ^^■ 

If 1/^2 1 > 1, the estimates in case A above can also work until we come to the case 



161 < 161 ^, max(j, ^2) < 2mi and 



< 5l6+6P|5Ki' + 66 + e|]-3«|. Of 



course, in this case, the estimate on resonance function can also bring us 

But this estimate can not help us to get any benefit since |6I < Fortunately, in 

this case, for fixed /ii,6i6, the variable ^2 can range in two symmetry intervals with 
length < |6PI6I ^ 1- Represent the change of variables ([^ here, 

^ ^ 2^(-H)2™i(i-2«)y'g,(^,^,0i+c.(6,/ii)+^2+c.(6+A*2)) 

ji,mi>0 2mi>max(jj2)>0 

X X]i^l + ^2 + w(6,Ai2) +^(6 +M2) - i^iil + ^2, ^J■1 +M2)) 

X (^lji,mi(6, Ml, ^1 + t^(Cl, Ml))02j2 (6, M2, 6*2 + U}{S,2,T2))d£_idllid(_2dlJL2d6ide2. 

By Cauchy-Schwarz inequality, we control the integral (|5ip by 



ll<^ljl,millL2 



< 2^'2/22-™i||0^ 



-ff (6 , 6, Ml, M2, 9i,92)d£,2diJL2d02 



d£,idfj,id9j 



jl,m,i \ \l^ 



\H{^i,S_2, fii, tJ.2,0i,92)fdC2dfi2d92d^idfj,id9^ 



<2^-^/22-'»MI0i,.i.™JIlHI3.II 



L2||<f2j2 



Here 7?(6, 6, Mi, M2, 6*1, 6*2) denotes 5^ (6 M, ^1 + '^(Ci, Mi) + ^2 + w(6 +M2))Xi(6'i + 6'2 + 
w(6,M2) +M2) - w(6 +6, Ml +M2))'^2,i2(6,M2,6'2 +^(6,7-2)). Now we put this 

estimate into the summation above to obtain 



m<\\Mx„,j<p2\\x„, 



Region II: ||^«max(|CiP,||^). 
Case A: |aP » 

Since |6 +C2P iCil"^ ^ Imi| a-nd l^l"^ ^ ^ IM2I, the resonant interaction does 

not happen, so 2™^'^0jiJ2) > j^l^l^l- 
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If |/Li2| < 1 and j = niax(j, ji, j2), then 2^ > 2'*'"i+™2 jj-^ ^j-^^, game way, we bound 

by 

X II 1^771^2,2 

^ E EE 2^-(-^+)2"-||3,IIl^2^-^/2||^i,,.,,„JU.2'-/2||</)2,,JU. 

j j'l j'2>0 j>4mi+m2 7712 <mi 
<||01|U„,J|02||X„,.,. 

Here we used Proposition 12.41 with denoting a class of multipliers which are the 

characteristic functions of the sets {|^2| ~ 2™^, |/i2| < !}■ 

If I/Z2I < 1 and j'l = niax(j, ji, ^2) or j2 — niax(j, ji, ^2) is the maximal value, similarly 
we have 

m< E E 2^'*-^+)2-ii0i,,„™ju.|iff/iU5.(L^,„) 

i Ji J2>0 ji >4mi+m2 '"^2 <77ii 

X ||(m™,(^2,M2)<^2j2)''llL|(L-„) 

^ E EE 2^<-^+)2-2^/22"-/2||5,|U.l|0i.,,.mJU.||</>2,,JU2 

<II'/'1||X,J|</>2||X„,.^. 

If |/^2| > 1 and max(j, J2) > 2r7ii, let j = max(j, J2), there exists min(i, s) > 5 > and 
|-i + |>i + i(5>0 such that 



m< E 2^(-^+)2"^(i/2+^)||^^.||^,|||^^|i-^^__ ^ ^ 

-^T" ,y) 



il J>0 0<max(j2,2mi)<j 
■5, 



X iiii^.r02,,2ii 1 

^ E E 2^(-^+)2-(i/2+.)2^-^/^2^V2||g^.|,^,|j^^_^.^_,^j|^,||^^^^.jj^, 

Jl J>0 0<max(j2,2mi)<i 

For the case j2 — max(j, ^2), we bound (|46p by 

E E 2^-(-H)2"^/2|||Z?,|i5V|j^^^^^^^^^|||^^|i^^_^.^_^j|^^^^^^^^ 

Jl J2>0 0<max(j\2mi)<j2 

< E E 2^-(-H)2™^/22^V22../2||g^.||^,||^^_^.^^„^j|^,||^^_^.j|^, 

jl J2>0 0<max(j,2mi)<j2 
<||'/>l|U„i|102|U„,i. 

If Ia*2| > 1 and max(j,j2) < 2mi, we would like to perform a dyadic decomposition 
by setting ^ 2™* with z = 1,2 and mi > 0,TO2 G Z. The dyadic decomposition 
with respect to |^2| ~ 2"2,n2 > will be useful. Another useful note is that ml = 
max(n2 — TO2, 2m2). 
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We perform the change of variables ([5^ . It is easy to see that | J^j > so 

ji,mi,n2>0 1112 2mi>max(j j2)>0 

X I Jp|^^iJ(u, V, w, Oi, 92)dudvdwd^2d0id92 

ji,mi,n2>0 rM2 27ni>max(j,j2)>0 

||02j2,m2,n2llL2 



max(l, 2'"2 j« 

If TO2 > and 712 — < 0, we bound with 



^ ^ 2J(-3+)2-™i2""/^2^"^' 

JJl J2,^l>0 0<n2<m2<mi 

x2^-^/22-'"^/2||g,|U2||0i 

,il,mi||L2l|02j2,™2,n2lU2 



< 



If 2m2 > ?^2 ^ "^2 > and j > 2to2, we have 

(j4gj) < ^ ^ ^ ^ 2J(^3+)2^™i2^"^^™^^/^2™^^^2^^'"^'* 

ji ,^2 >0 0<n2 —Tfi2 <2m2 J>2m2 >0 mi >m2 >0 

Jl,mi ||(/>2,j2,m2,"2 
<||<^1||X„,.J|02|U,.. 

If 7^2 - m2 > 2to2 > and j > 2m2, since ^ < max(|^ip, and > one 
can get (n2 — 7712) < 2777i. Recalhng that s > 0, we obtain 

(j45j) < ^ ^ ^ 2.J'(^5+)2^'"i2^"^^™^^/^2™^/^2^^"^~™^^'* 

ji j'2>0 0<2m2<n2— m2 j>2m2>0 mi>m2>0 
x2^-^/22^-^/2||5,|U.|l0i ,ji,mi ||_L2 ||(/>2j2,"i2,»2 
<Ul\K.M2\\x^,y 

If 7772 < 0, we have 

([45j) ^ ^ ^ ^ 2^(-^+)2-™i2("""™2^(^/2"'*^2-''i/^2-''"/^2™2/^ 

ji,mi>0 m2<0 2mi>n2 —m2>0 2mi >max(j2 j) >0 

X IISjIUHI'/'ljl.mi llL2|l'/'2j2,m2,n2llL2 
< ^ ^ 2-''(-5+)2"2miS2il/22J2/2 

jl ,mi >0 2mi>max(j2 ,i)>0 

X ll.9jlUHI</'ljl,milUHI'/'2j2llL2 

<||0i||x„ JI02IU,,,. 

"■2 -2 

We now consider the case < max(j, ^2) < 'm-i, < j < 27772 and 7*2 — 7772 > 0. It is clear 
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that ji = max(j,ji, ja) and < since 2™^'=(^'Ji'J2) > I^H^I- We bound ([121) by 



Jl J2>0 J>0 

/I ^ If.l2 J 

161 

There exists min(i, s) > S > small enough such that 

mi>0 ji >4mi>0 ji>4mi>0 2)ni >inax(j2 j)>0 

^ E E E 2^(-^+)2-(V2+.)2^/^2^V2||^^.||^,||^^^^.^„^j|^,||^^^^.j|^, 

^1 ^0 ji >47ni >0 27ni >max(j2 ,j)>0 
<||0l|U„,.J|02|U„^. 

Case B: « 

We first note that |/i2| ^ otherwise we have > which is contradic- 
tion with the assumption <^ and |^2| ^ Thus we have + /i2| ^ |mi|- 
The argument in case A can be run smoothly until we come to the case |/i2| > 1 and 
max(j', ^2) < 2mi. We perform the change of variables ((52|) . It is easy to see that 
\Jfj.\ ^ ICil^- By the same estimate in for fixed 6*2, 6, ^2, Mi, the length of the 

symmetric intervals where free variable ^2 can range is A^^ < 2-'~^™i . Then we have 

jl,nii>0 2mi>max(j2,j)>0 

X \ J^\^^ H{u, V, w, /12, Oi, 02)dudvdwd^2dOid92 

< ^ ^ 2J(-^+)2-''/^"^"i2-''i/^2-''^/^ 

ji,?rii>0 2T?ii>max(j2 j')>0 

X llffilUHI</>ljl,milUHI</'2j2lU2 
<||01||X„,J|02|U„,. 

Case C: 161' 

Since <C |6P ~ ^'^^ have j^i + /i2| ~ In this case, the resonant 

interaction will happen. We bound and P7)) by 



EE/ 5j(6/^,T)xj(6M,-r)l6 +6l'^lJl(Cl,Ml,n)-T- 
JlJ2>OJ>o"'^3 (1 



'^2,j2 (6,/^2,T2) 



2 I i^£2i 



We decompose |^i| ~ 2™!, mi > 0, and first consider a special case |/i2| < 1 and |^2| < 
|Ci|~'~^ for some e > small enough. In this case, we can use Proposition [2111 and 
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(|Tf|) can be bounded by 

ijl J2>0 ■mi>0 
j,jlyj2>0 mi>0 

<\\Mx^AMx^,. 

In the remaining estimates, we always have 1^2 1 > I'Cil^^ foi' the same e as above. In 
fact, \^i2\ > 1 imphes 1^1 > > 161"'"", since l/^sl « 

Now we consider the case max(j, > (2 — £)mi for the same e as above. When 
j — max(j, ^2), there exists min(i, s) > S > small enough such that 

69,63) < E E 2J'(-^+)2™i(l/2+A-)2(2+e)mi5||^^.||^^ 

jld>0 0<max(j2,(2-e)mi)<j 

< ^ ^ 2J(-H)2"i(i/2+(3+e)'5)2.J'i/22J2/2 

il J>0 0<max(j2,(2-e)mi)<j 

X ll.9jl|LHI'/'ljl,millLHI</'2j2lk^ 

When ^2 = max(j, ^2), 

mm< E E 2^''-^+)2"^/2|||i?,i^g/iL.(^.^^)iiii?.i^</.i,,,,™ji^4^(^.^^) 

jl,i2>0 j2>max((2 — e)mij')>0 

X II02J2IU2 

< E E 2^(-^+)2^/22"^/22-'-^/2||g,|UHl0i,...™J|LHI'/'2,,2lU- 

il J2>0 j2>max(j,(2-e)mi)>0 
^ ll'/'lll-^o,! Ii'^2|lx„_i^. 

At last, we consider the case max(j, ^2) < (2 — e)nni for the same e as above. 



Subcase 1: 



Ml M2 



2 



<ilei+6P|5(C?+ei6 + el)-3a|. 



Since now the resonant interaction does not happen, we have |6|^|6| < 2™'*'^'^^'-'^'^^^. 
And because |^2| > ICi| ' ", get that ji = max(j, ji, ^2) > (2 — e)mi. By choosing 
min(i, s) > (5 > small enough, we have 

661),63<E E 2^'(-H)2™i(l/2+5)2(2+e)-i5||0^^^.^_^J|^, 

il>0 0<max(jj2)<(2— e)mi<ji 

x|||D.|^-Vll ^ i ll|i^.|''^2,,2ll 1 

< E E 2^(-H)2-(V2+(3+.M)2.722.2/2||^^^.,|^,|,^^_^.^_^j|^,,|^^^^.^ 

jl>0 0<max(jj2)<(2-e)mi<ji 
<||0l|U„, J|<^2||X„,. 
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Subcase 2: 



Ml fJ-2 



>^ICi+6P|5(C?+^i6+e|)-3a| 



As we know, we also need to consider two cases. 



and 



m~e2)-Mct-^i)- 



6 



< 1^1 



(63) 



(64) 



([63|) means the determinant of Jacobian of the change of variables (|52|) . |Jp| > l^il^. 
Thus we have 

(BSl), (El) < X! X! 2-''(-^+)2-''/2-"i2'"i(^-3)2-''i/22^'^/2 

mi ,ji>0 (2-e)mi>max(j2.j)>0 

X ll5jl|i2||01,il,™lllLHI'/'2,i2lli2. 



When ([64]) occurs, we recur to the change of variables ([56]). By the argument in ([59]) 
and ([SS]) . for fixed 02, ^2, Mi) M2, the length of the interval where ranges is l^i] < 
2(i-3)mi^ Thus we obtain 

(Hi), 621) < X! 2^'("5+)2-(2-|)mi2™i2Ji/22J'2/2 

™l j"l>0 (2-e)mi>max(j2 j')>0 

X \\9]\\L^Hl,jumA\L'A\(f>2,]2\\L'^- 
<\\MX,M2\\X„^.. 

We now finish the proof of Theorem 13.11 



4 Proof of Main Theorem 

We now state the proof of Theorem 11.11 

Proof : Considering the integral equation according to ([T|) 

u{t) = m \s{t)uo ~l f S{t~ t')d^{i,l{t')u\t'))dt 



(65) 



where < T < 1, and iprit) is the same bump function with (PT|) . It is clear that a 
solution for (|65p is a fixed point of the nonlinear operator 



L{u) = ^{t)S{t)uo - I S{t - t')d^ii;^t')u^t'))dt' 



(66) 



Thus we need to prove the operator L is a contractive mapping from the following closed 
set to itself 



(67) 



30 



where a = 4C||mo||£;3. By Proposition [511] and Theorem 13. 11 there exist cr > such that 
\\L{u)\\x^ ,^<C\\uo\\e.+CT^\\u\\\ (68) 

Next, since dx{v?) — dx{v'^) = dx[{u — + v)], we get in the same way that 

\\L{u) - L{v)\\x^ ,^ < CT^Iu-^llx + (69) 

By choosing T = T(||wo||£;J such that 8CT'^||iio||£;^ < 1, we deduce that from ^ and 
([69]) that L is strictly contractive on the ball Ba- Thus, there exists unique solution 
to the IVP of the fifth order KP-I equation u £ X^^i^ on the interval [-T, T]. The 
smoothness of the mapping from Es to follows from the fixed point argument. 

Since + C C([-T, T];Es), wc finish the proof of Theorem O ■ 
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